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Abstract
A sharp lower bound for the smallest entries, among those corresponding to edges, of
doubly stochastic matrices of trees is obtained, and the trees that attain this bound are char-
acterized. This result is used to provide a negative answer to Merris’ question in [R. Merris,
Doubly stochastic graph matrices II, Linear Multilin. Algebra 45 (1998) 275–285].
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1. Introduction
Let G = (V ,E) be a simple graph with vertex set V (G) = {v1, . . . , vn} and edge
set E(G). Let d(vi) or di be the degree of a vertex vi and D(G) = diag(d1, d2, . . . ,
dn). Let A(G) be the n × n adjacency matrix whose (i, j)-entry is 1 if (vi, vj ) ∈ E
and 0 otherwise. Thus the matrix L(G) = D(G) − A(G) is called the Laplacian
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matrix of G. The Laplacian matrix has been extensively investigated for the past
twenty years (e.g., see [6]). Let In be the n × n identity matrix. It is easy to see that
the matrix (G) = (In + L(G))−1 = (ωij ) is a doubly stochastic matrix (e.g., see
[7]). So the matrix (G) = (In + L(G))−1 is called the doubly stochastic matrix of
G, which was introduced by Golender et al. [4] (see also [8,3,7]) in their study of
chemical information processing.
A dominating vertex of G is a vertex of degree n − 1, i.e., a vertex adjacent to
every other vertex. A star K1,n is a tree of order n + 1 consisting of one vertex
adjacent to all others. For other notations, the reader is referred to [1,2]. Merris [8]
proved the following result:
Theorem 1.1. Let G be a graph on n > 1 vertices. If vi is not a dominating vertex,
then there exists a 1  j  n such that ωij < 1n+1 .
In view of Theorem 1.1, it is natural to ask what governs when ωij is more or less
than 1
n+1 . For example, does {vi, vj } ∈ E imply ωij  1n+1 ? What about the other
way around? Merris [8] presented negative answers for these two questions. Further
he proposed the following question in the last part of his paper.
Question 1.2. Does there exist a constant c, independent of n, such that ωij  cn
whenever {vi, vj } is an edge of G?
The main topic of this note is to obtain a sharp lower bound for the smallest
entries, among corresponding edges, of the doubly stochastic matrix of a tree. This
result is then used to answer Merris’ question.
2. Main result
Denote by T ∗r,s the double star tree of order r + s + 2 = n, which is obtained by
joining the dominant vertex of a star K1,r and the dominant vertex of a star K1,s with
an edge. The main result of this note is the following:
Theorem 2.1. Let T be a tree of order n  2 with double stochastic matrix (T ) =
(ωij ). If {vi, vj } ∈ E(T ), then
ωij 
4(⌊
n
2
⌋ + 3) (⌈n2
⌉ + 3) − 4
with equality if and only if T is a double star tree T ∗ n2 −1, n2 −1. Here x (x) is
the largest (smallest) integer no more (less) than x.
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In order to prove Theorem 2.1, we need some lemmas.
Lemma 2.2. Let f (x, y) = xy1+x+y . If 0 < x1  x2 and 0 < y1  y2, then
f (x1, y1)  f (x2, y2) with equality if and only if x1 = x2 and y1 = y2.
Proof. Observe that
f (x2, y2) − f (x1, y1) = x2y2 − x1y1 + x1x2(y2 − y1) + y1y2(x2 − x1)
(1 + x1 + y1)(1 + x2 + y2)  0
with equality if and only if x1 = x2 and y1 = y2. 
Lemma 2.3. Let T be a tree of order n  2 with doubly stochastic matrix (T ) =
(ωij ) and e = {u,w} ∈ E(T ). Denote by F1 and F2 the two components of T − e
with r + 1 and s + 1 vertices, respectively, where r + s + 2 = n. Then
ωij 
4
(r + 4)(s + 4) − 4
with equality if and only if T is a double star tree T ∗r,s with d(u) = r + 1 and d(w) =
s + 1.
Proof. Without loss of generality, we may assume that v1, v2, . . . , vr , vr+1 = u ∈
V (F1) and w = vr+2, . . . , vn ∈ V (F2). Denote by xi the n × 1 matrix whose only
nonzero entry is a 1 in row i, 1  i  n. Let F = T − e and x = xr+1 − xr+2. Then,
L(T ) = L(F) + xxT. By the Sherman–Morrison formal (see, e.g., [5], p. 19), we
have
(T ) = (F ) − (F )xx
T(F )T
1 + xT(F )x .
Denote by (F1) = (ω′ij ), 1  i  r + 1, 1  j  r + 1 and (F2) = (ω′ij ), r +
2  i  n, r + 2  j  n. Then xT(F )x = ω′r+1,r+1 + ω′r+2,r+2 and the
(r + 1, r + 2) entry of (F )xxT(F )T is −ω′r+1,r+1ω′r+2,r+2. Hence
ωr+1,r+2 =
ω′r+1,r+1ω′r+2,r+2
1 + ω′r+1,r+1 + ω′r+2,r+2
.
By Theorem 1 in [8], we have ω′r+1,r+1  2r+2 with equality if and only if vr+1 is
a dominant vertex of F1 and ω′r+2,r+2 
2
s+2 with equality if and only if vr+2 is a
dominant vertex of F2. It follows from Lemma 2.2 that
ωr+1,r+2 
2
r+2
2
s+2
1 + 2
r+2 + 2s+2
= 4
(r + 4)(s + 4) − 4
with equality if and only if ω′r+1,r+1 = 2r+2 and ω′r+2,r+2 = 2s+2 . Therefore ωij 
4
(r+4)(s+4)−4 with equality if and only if T is a double star tree T
∗
r,s with d(u) = r + 1
and d(w) = s + 1. 
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Lemma 2.4. Let T ∗r,s be a double star tree of order n = r + s + 2  2. Denote by
ωr+1,r+2(T ∗r,s) the entry of (T ∗r,s) corresponding to the edge joining the dominant
vertex of K1,r and the dominant vertex of K1,s . Then
ω1,2(T
∗
1,n−2) > ω2,3(T ∗1,n−3) > · · · > ω n2 , n2 +1
(
T ∗ n2 −1, n2 −1
)
.
Proof. It follows from Lemma 2.3 that
ωr+1,r+2 = 4
(r + 4)(s + 4) − 4 .
Because multiplication is Schur Concave, we have
4
(0 + 4)(n − 2 + 4) − 4 >
4
(1 + 4)(n − 3 + 4) − 4
> · · · > 4(⌊
n
2
⌋ + 3) (⌈n2
⌉ + 3) − 4 .
Hence the result holds. 
Now we are ready to present a proof of Theorem 2.1.
Proof of Theorem 2.1. Let e = {vi, vj } ∈ E(T ). Denote by F1 and F2 the two com-
ponents of T − e with r + 1 and s + 1 vertices, respectively, where r + s + 2 = n.
Then by Lemma 2.3, ωij  4(r+4)(s+4)−4 with equality if and only if T is a double
star tree T ∗r,s with d(vi) = r + 1 and d(vj ) = s + 1. It follows from Lemma 2.4 that
the result holds. 
Remark. Let T ∗ n2 −1, n2 −1 be a double star tree and let {v n2 , v n2 +1} be an edge
of T ∗ n2 −1, n2 −1 joining the dominant vertex of K1, n2 −1 and the dominant vertex of
K1, n2 −1. By Theorem 2.1, ω n2 , n2  + 1 = 4( n2 +3)( n2 +3)−4 . Clearly, there does
not exist a constant c, independent of n such that ω n2 , n2 +1 
c
n
. Therefore, we
answer Merris’ question.
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